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CO-SEIFERT FIBRATIONS OF COMPACT FLAT ORBIFOLDS
JOHN G. RATCLIFFE AND STEVEN T. TSCHANTZ
Abstract. In this paper, we develop the theory for classifying all the geomet-
ric fibrations of compact, connected, flat n-orbifolds, over a 1-orbifold, up to
affine equivalence. We apply our classification theory to classify all the geo-
metric fibrations of compact, connected, flat 2-orbifolds, over a 1-orbifold, up
to affine equivalence. This paper is an essential part of our project to give a
geometric proof of the classification of all closed flat 4-manifolds.
1. Introduction
An n-dimensional crystallographic group (n-space group) is a discrete group Γ of
isometries of Euclidean n-space En whose orbit space En/Γ is compact. If Γ is an
n-space group, then En/Γ is a compact, connected, flat n-orbifold, and conversely
if M is a compact, connected, flat n-orbifold, then there is an n-space group Γ such
that M is isometric to En/Γ.
In our previous paper [4], we proved that a geometric fibration of En/Γ corre-
sponds to a space group extension
1→ N →֒ Γ→ Γ/N→ 1.
The corresponding geometric fibration of En/Γ is said to be a co-Seifert fibration
when the base space is a 1-orbifold, or equivalently, when Γ/N is a 1-space group.
We became interested in such fibrations because every closed flat 4-manifold geo-
metrically fibers over a 1-orbifold.
In this paper, we develop the theory for classifying co-Seifert geometric fibrations
of compact, connected, flat n-orbifolds up to affine equivalence. By Theorems 5 and
10 of [4], this problem is equivalent to classifying all pairs (Γ,N) such that Γ is an
n-space group and N is a normal subgroup of Γ, such that Γ/N is infinite cyclic or
infinite dihedral, up to isomorphism. In our recent paper [7], we proved that for
each dimension n, there are only finitely many isomorphism classes of such pairs. As
an application of our theory, we describe the classification for n = 2. In subsequent
papers, we will describe the classification for n = 3, and the classification of all
co-Seifert geometric fibrations of closed flat 4-manifolds up to affine equivalence.
Our classification theory will lead to a geometric classification of all closed flat
4-manifolds up to affine equivalence.
Our paper is organized as follows: In Sections 2 - 5, we review terminology and
basic results from our previous papers [4, 5, 6, 7] that will facilitate reading this
paper. The main results of our paper are in Sections 7 and 8. In Section 7, we
describe the classification of all pairs (Γ,N) such that Γ is an n-space group and N is
a normal subgroup of Γ, with Γ/N infinite cyclic, up to isomorphism. In Section 8,
we describe the classification of all pairs (Γ,N) such that Γ/N is infinite dihedral. In
Section 10, we describe the classification of all the geometric fibrations of compact,
connected, flat 2-orbifolds up to affine equivalence.
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2. Geometric Fibrations of Flat Orbifolds
A map φ : En → En is an isometry of En if and only if there is an a ∈ En and
an A ∈ O(n) such that φ(x) = a+Ax for each x in En. We shall write φ = a+A.
In particular, every translation τ = a+ I is an isometry of En.
Let Γ be an n-space group. Define η : Γ → O(n) by η(a+ A) = A. Then η is a
homomorphism whose kernel is the group T of translations in Γ. The image of η is
a finite group Π called the point group of Γ.
Let H be a subgroup of an n-space group Γ. Define the span of H by the formula
Span(H) = Span{a ∈ En : a+ I ∈ H}.
Note that Span(H) is a vector subspace V of En. Let V ⊥ denote the orthogonal
complement of V in En.
Theorem 1. (Theorem 2 [4]) Let N be a normal subgroup of an n-space group Γ,
and let V = Span(N).
(1) If b+B ∈ Γ, then BV = V .
(2) If a+A ∈ N, then a ∈ V and V ⊥ ⊆ Fix(A).
(3) The group N acts effectively on each coset V + x of V in En as a space
group of isometries of V + x.
Let Γ be an n-space group. The dimension of Γ is n. If N is a normal subgroup
of Γ, then N is a m-space group with m = dim(Span(N)) by Theorem 1(3).
Definition: Let N be a normal subgroup of an n-space group Γ, and let V =
Span(N). Then N is said to be a complete normal subgroup of Γ if
N = {a+A ∈ Γ : a ∈ V and V ⊥ ⊆ Fix(A)}.
Lemma 1. (Lemma 1 [4]) Let N be a complete normal subgroup of an n-space group
Γ, and let V = Span(N). Then Γ/N acts effectively as a space group of isometries
of En/V by the formula (N(b +B))(V + x) = V + b +Bx.
Remark 1. A normal subgroup N of a space group Γ is complete precisely when
Γ/N is a space group by Theorem 5 of [4]. In particular, if Γ/N is infinite cyclic or
infinite dihedral, then N is a complete normal subgroup of Γ.
A flat n-orbifold M is a (En, Isom(En))-orbifold M as defined in §13.2 of [3].
A connected flat n-orbifold has a natural path metric. If Γ is a discrete group
of isometries of En, then its orbit space En/Γ = {Γx : x ∈ En} is a connected,
complete, flat n-orbifold, and conversely if M is a connected, complete, flat n-
orbifold, then there is a discrete group Γ of isometries of En such thatM is isometric
to En/Γ by Theorem 13.3.10 of [3].
Definition: A flat n-orbifold M geometrically fibers over a flat m-orbifold B, with
generic fiber a flat (n − m)-orbifold F , if there is a surjective map η : M → B,
called the fibration projection, such that for each point y of B, there is an open
metric ball B(y, r) of radius r > 0 centered at y in B such that η is isometrically
equivalent on η−1(B(y, r)) to the natural projection (F ×By)/Gy → By/Gy, where
Gy is a finite group acting diagonally on F ×By, isometrically on F , and effectively
and orthogonally on an open metric ball By in E
m of radius r. This implies that
the fiber η−1(y) is isometric to F/Gy. The fiber η
−1(y) is said to be generic if
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Gy = {1} or singular if Gy is nontrivial. A map η : M → B satisfying the above
conditions is called a geometric fibration of M over the base B.
Theorem 2. (Theorem 4 [4]) Let N be a complete normal subgroup of an n-space
group Γ, and let V = Span(N). Then the flat orbifold En/Γ geometrically fibers
over the flat orbifold (En/V )/(Γ/N) with generic fiber the flat orbifold V/N and
fibration projection ηV : E
n/Γ→ (En/V )/(Γ/N) defined by the formula ηV (Γx) =
(Γ/N)(V + x).
A geometrically fibered orbifold structure on a flat orbifold M is the partition of
M by the fibers of a geometric fibration η : M → B. Let Γ be an n-space group.
Given a geometrically fibered orbifold structure on En/Γ, there exists, by Theorem
7 of [4], a complete normal subgroup N of Γ, with V = Span(N), such that the
geometrically fibered orbifold structure on En/Γ is equal to the partition of En/Γ
by the fibers of the geometric fibration
ηV : E
n/Γ→ (En/V )/(Γ/N).
Definition: A geometric fibration η : M → B of a flat orbifold M is said to be a
Seifert (or co-Seifert) fibration if the generic fiber (or base) of η is 1-dimensional.
Note that the geometric fibration ηV : E
n/Γ → (En/V )/(Γ/N) determined by a
complete normal subgroup N of space group Γ is a Seifert (or co-Seifert) fibration
if and only if N (or Γ/N) is a 1-space group. Moreover, a 1-space group is either
infinite cyclic or infinite dihedral.
3. The Generalized Calabi Construction
Let N be a complete normal subgroup of an n-space group Γ, let V = Span(N),
and let V ⊥ be the orthogonal complement of V in En. Let γ ∈ Γ. Then γ = b+B
with b ∈ En and B ∈ O(n). Write b = b + b′ with b ∈ V and b′ ∈ V ⊥. Let B
and B′ be the orthogonal transformations of V and V ⊥, respectively, obtained by
restricting B. Let γ = b + B and γ′ = b′ + B′. Then γ and γ′ are isometries of V
and V ⊥, respectively.
Euclidean n-space En decomposes as the Cartesian product En = V × V ⊥. Let
x ∈ En. Write x = v + w with v ∈ V and w ∈ V ⊥. Then
(b+B)x = b+Bx = b + b′ +Bv +Bw = (b +Bv) + (b′ +B′w).
Hence, the action of Γ on En corresponds to the diagonal action of Γ on V × V ⊥
defined by the formula
γ(v, w) = (γv, γ′w).
Here Γ acts on both V and V ⊥ via isometries. The kernel of the corresponding
homomorphism from Γ to Isom(V ) is the group
K = {b+B ∈ Γ : b ∈ V ⊥ and V ⊆ Fix(B)}.
We call K the kernel of the action of Γ on V . The group K is a normal subgroup
of Γ. The action of Γ on V induces an effective action of Γ/K on V via isometries.
Note that N ∩K = {I}, and each element of N commutes with each element of K.
Hence NK is a normal subgroup of Γ, and NK is the direct product of N and K.
The group Γ/K acts on V as a discrete group of isometries if and only if Γ/NK is
a finite group by Theorem 3(4) of [6].
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The group N is the kernel of the action of Γ on V ⊥, and so the action of Γ on
V ⊥ induces an effective action of Γ/N on V ⊥ via isometries. Orthogonal projection
from En to V ⊥ induces an isometry from En/V to V ⊥. Hence Γ/N acts on V ⊥ as
a space group of isometries by Lemma 1.
Let Γ = {γ : γ ∈ Γ}. If γ ∈ Γ, then (γ)−1 = γ−1, and if γ1, γ2 ∈ Γ, then
γ1 γ2 = γ1γ2. Hence Γ is a subgroup of Isom(V ). The map Υ : Γ → Γ defined by
Υ(γ) = γ is an epimorphism with kernel K. The group Γ is a discrete subgroup of
Isom(V ) if and only if Γ/NK is finite by Theorem 3(4) of [6].
Let Γ′ = {γ′ : γ ∈ Γ}. If γ ∈ Γ, then (γ′)−1 = (γ−1)′, and if γ1, γ2 ∈ Γ, then
γ′1γ
′
2 = (γ1γ2)
′. Hence Γ′ is a subgroup of Isom(V ⊥). The map P′ : Γ→ Γ′ defined
by P′(γ) = γ′ is epimorphism with kernel N, since N is a complete normal subgroup
of Γ. Hence P′ induces an isomorphism P : Γ/N→ Γ′ defined by P(Nγ) = γ′. The
group Γ′ is a space group of isometries of V ⊥ with V ⊥/Γ′ = V ⊥/(Γ/N).
Let N = {ν : ν ∈ N}. Then N is a subgroup of Isom(V ). The map Υ : N → N
defined by Υ(ν) = ν is an isomorphism. The group N is a space group of isometries
of V with V/N = V/N.
The action of Γ on V induces an action of Γ/N on V/N defined by
(Nγ)(Nv) = Nγv.
The action of Γ/N on V/N determines a homomorphism
Ξ : Γ/N→ Isom(V/N)
defined by Ξ(Nγ) = γ⋆, where γ⋆ : V/N→ V/N is defined by γ⋆(Nv) = Nγ(v).
The action of N on V ⊥ is trivial and the action of K on V is trivial. Hence
En/NK decomposes as the Cartesian product En/NK = V/N× V ⊥/K.
The action of Γ/NK on En/NK corresponds to the diagonal action of Γ/NK on
V/N× V ⊥/K via isometries defined by the formula
(NK(b +B))(Nv,Kw) = (N(c+Bv),K(d+ Bw)).
Hence, we have the following theorem.
Theorem 3. (The Generalized Calabi Construction) Let N be a complete normal
subgroup of an n-space group Γ, and let K be the kernel of the action of Γ on
V = Span(N). Then the map
χ : En/Γ→ (V/N× V ⊥/K)/(Γ/NK)
defined by χ(Γx) = (Γ/NK)(Nv,Kw), with x = v + w and v ∈ V and w ∈ V ⊥, is
an isometry.
We call Γ/NK the structure group of the geometric fibered orbifold structure on
En/Γ determined by the complete normal subgroup N of Γ.
The natural projection from V/N × V ⊥/K to V ⊥/K induces a continuous sur-
jection
π⊥ : (V/N× V ⊥/K)/(Γ/NK)→ V ⊥/(Γ/N).
Orthogonal projection from En to V ⊥ induces an isometry from En/V to V ⊥ which
in turn induces an isometry
ψ⊥ : (En/V )/(Γ/N)→ V ⊥/(Γ/N).
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Theorem 4. (Theorem 5 [6]) The following diagram commutes
En/Γ
χ
−→ (V/N × V ⊥/K)/(Γ/NK)
ηV ↓ ↓ π
⊥
(En/V )/(Γ/N)
ψ⊥
−→ V ⊥/(Γ/N).
Theorem 4 says that the geometric fibration ηV is equivalent to the projection
π⊥ induced by the projection on the second factor of V/N× V ⊥/K. Note that the
base of the geometric fibration π⊥ is the orbit space of the action of the structure
group Γ/NK on the second factor V ⊥/K, that is,
V ⊥/(Γ/N) = (V ⊥/K)/(Γ/NK).
Remark 2. The right-side of the diagram in Theorem 4 gives a concise way of
describing a geometric fibration determined by a complete normal subgroup N of a
space group Γ in terms of the generalized Calabi construction.
If Span(K) = V ⊥, then K is a complete normal subgroup of Γ called the orthog-
onal dual of N in Γ, and we write K = N⊥. By Theorem 6 of [6], the complete
normal subgroup N of Γ has an orthogonal dual if and only if the structure group
Γ/NK is finite.
Suppose N has an orthogonal dual, and so K = N⊥. The natural projection from
V/N× V ⊥/K to V/N induces a continuous surjection
π : (V/N × V ⊥/K)/(Γ/NK)→ V/(Γ/K).
Orthogonal projection from En to V induces an isometry from En/V ⊥ to V which
in turn induces an isometry
ψ : (En/V ⊥)/(Γ/K)→ V/(Γ/K).
The next corollary follows from Theorem 4 by reversing the roles of N and K.
Corollary 1. The following diagram commutes
En/Γ
χ
−→ (V/N× V ⊥/K)/(Γ/NK)
ηV ⊥ ↓ ↓ π
(En/V ⊥)/(Γ/K)
ψ
−→ V/(Γ/K).
Corollary 1 says that the orthogonally dual geometric fibration ηV ⊥ is equivalent
to the projection π induced by the projection on the first factor of V/N × V ⊥/K.
Note that the base of the geometric fibration π is the orbit space of the action of
the structure group Γ/NK on the first factor V/N, that is,
V/(Γ/K) = (V/N)/(Γ/NK).
4. Affinities
A map α : En → En is an affinity if and only if there is an a ∈ En and an
A ∈ GL(n,R) such that α(x) = a + Ax for each x ∈ En, in which case, we write
α = a + A. Note that an affinity α = a + A of En is an isometry of En precisely
when A ∈ O(n). The set Aff(En) of all affinities of En is a group that contains the
group Isom(En) of isometries of En as a subgroup.
If Γ and H are n-space groups, then a map α : En/Γ → En/H is an affinity if
and only α lifts to an affinity of En, that is, there is an affinity α˜ of En such that
α(Γx) = Hα˜(x) for each x ∈ En from which we have that α˜Γα˜−1 = H. Moreover
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if β : En → En is an affinity such that βΓβ−1 = H, then β induces an affinity
β⋆ : E
n/Γ → En/H defined by β⋆(Γx) = Hβ(x) for each x ∈ E
n. Every affinity
α : En/Γ→ En/H is a homeomorphism whose inverse is also an affinity.
Two flat n-orbifolds En/Γ and En/H are said to be affinely equivalent if there
is an affinity α : En/Γ → En/H. If ξ : Γ → H is an isomorphism, there is an
affinity α of En such that ξ(γ) = αγα−1 by Bieberbach’s theorem. Hence, two
n-space groups Γ and H are isomorphic if and only if En/Γ and En/H are affinely
equivalent.
Let Γ be an n-space group. Then the set Aff(En/Γ) of affinities of En/Γ is a
group. Let α be an affinity of En/Γ. Then α lifts to an affinity α˜ of En such that
α˜Γα˜−1 = Γ. The affinity α˜ of En determines an automorphism α˜∗ of Γ defined by
α˜∗(γ) = α˜γα˜
−1. If α˜′ is another lift of α, then α˜′ = γα˜ for some γ in Γ. Hence, the
element Inn(Γ)α˜∗ of Out(Γ) depends only on α, and we have an homomorphism
Ω : Aff(En/Γ)→ Out(Γ)
defined by Ω(α) = Inn(Γ)α˜∗. The Euclidean outer automorphism group of Γ is
defined to be
OutE(Γ) = Ω(Isom(E
n/Γ)).
By Theorem 2 of [5], the group OutE(Γ) is finite.
Let Γ1 and Γ2 be n-space groups, and let φ ∈ Aff(E
n) such that φΓ1φ
−1 = Γ2.
Then φ induces an affinity φ⋆ : E
n/Γ1 → E
n/Γ2 defined by φ⋆(Γ1x) = Γ2φ(x) for
each x ∈ En. Define
φ♯ : Aff(E
n/Γ1)→ Aff(E
n/Γ2)
by φ♯(α) = φ⋆αφ
−1
⋆ . Then φ♯ is an isomorphism with (φ♯)
−1 = (φ−1)♯.
Let φ∗ : Γ1 → Γ2 be the isomorphism defined by φ∗(γ) = φγφ
−1. Define
φ# : Out(Γ1)→ Out(Γ2)
by φ#(Inn(Γ1)ζ) = Inn(Γ2)φ∗ζφ
−1
∗ . Then φ# is an isomorphism with (φ#)
−1 =
(φ−1)#.
Lemma 2. (Lemma 10 [5]) Let Γ1 and Γ2 be n-space groups, and let φ ∈ Aff(E
n)
such that φΓ1φ
−1 = Γ2. Then the following diagram commutes
Aff(En/Γ1)
φ♯
−→ Aff(En/Γ2)
Ω ↓ ↓ Ω
Out(Γ1)
φ#
−→ Out(Γ2)
5. Isomorphism classes
In this section, we recall some of the definitions and results from §4 of [7]. Let
m be a positive integer less than n. Let M be an m-space group, and let ∆ be an
(n−m)-space group.
Definition: Define Iso(∆,M) to be the set of isomorphism classes of pairs (Γ,N)
where N is a normal subgroup of an n-space group Γ such that N is isomorphic to
M and Γ/N is isomorphic to ∆. We denote the isomorphism class of a pair (Γ,N)
by [Γ,N].
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Definition: Define Homf (∆,Out(M)) to be the set of all homomorphisms from ∆
to Out(M) that have finite image.
The group Out(M) acts on the left of Homf (∆,Out(M)) by conjugation, that
is, if g ∈ Out(M) and η ∈ Homf (∆,Out(M)), then gη = g∗η where g∗ : Out(M)→
Out(M) is defined by g∗(h) = ghg
−1. Let Out(M)\Homf (∆,Out(M)) be the set of
Out(M)-orbits.
As explained in §4 of [7], the group Out(∆) acts on the right of the set
Out(M)\Homf (∆,Out(M))
by
(Out(M)η)(βInn(∆)) = Out(M)(ηβ).
Definition: Define the set Out(∆,M) by the formula
Out(∆,M) = (Out(M)\Homf (∆,Out(M)))/Out(∆).
If η ∈ Homf (∆,Out(M)), let [η] = (Out(M)η)Out(∆) be the element of Out(∆,M)
determined by η. The set Out(∆,M) is finite by Lemma 4.5 of [7].
Let (Γ,N) be a pair such that [Γ,N] ∈ Iso(∆,M). The action of Γ on N by
conjugation induces a homomorphism
O : Γ/N→ OutE(N)
defined by O(Nγ) = γ∗Inn(N) where γ∗(ν) = γνγ
−1 for each γ ∈ Γ and ν ∈ N. If
α : N→ M is an isomorphism, then α induces an isomorphism
α# : Out(N)→ Out(M)
defined by α#(ζInn(N)) = αζα
−1Inn(M) for each ζ ∈ Aut(N).
Let α : N → M and β : ∆ → Γ/N be isomorphisms. Then we have that
α#Oβ ∈ Homf (∆,Out(M)). As explained in §4 of [7], there is a well-defined
function
ω : Iso(∆,M)→ Out(∆,M)
defined by ω([Γ,N]) = [α#Oβ].
6. Affinity Classes
Let m be a positive integer less than n. Let M be an m-space group, and let ∆
be an (n−m)-space group. For simplicity, define Aff(M) = Aff(Em/M).
Definition: Define Homf (∆,Aff(M)) to be the set of all homomorphism from ∆
to Aff(M) such that the composition with Ω : Aff(M)→ Out(M) has finite image.
By Lemma 2, the group Aff(M) acts on the left of Homf (∆,Aff(M)) by conju-
gation, that is, if α ∈ Aff(M) and η ∈ Homf (∆,Aff(M)), then αη = α∗η where
α∗ : Aff(M)→ Aff(M) is defined by α∗(β) = αβα
−1. Let Aff(M)\Homf (∆,Aff(M))
be the set of Aff(M)-orbits.
The group Aut(∆) acts on the right of Homf (∆,Aff(M)) by composition of
homomorphisms. If ζ ∈ Aut(∆) and η ∈ Homf (∆,Aff(M)) and α ∈ Aff(M), then
(αη)ζ = (α∗η)ζ = α∗(ηζ) = α(ηζ).
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Hence Aut(∆) acts on the right of Aff(M)\Homf (∆,Aff(M)) by
(Aff(M)η)ζ = Aff(M)(ηζ).
Let δ, ǫ ∈ ∆ and η ∈ Homf (∆,Aff(M)). Then we have that
ηδ∗(ǫ) = η(δǫδ
−1) = η(δ)η(ǫ)η(δ)−1 = η(δ)∗η(ǫ) = (η(δ)η)(ǫ).
Hence ηδ∗ = η(δ)η. Therefore Inn(∆) acts trivially on Aff(M)\Homf (∆,Aff(M)).
Hence Out(∆) acts on the right of Aff(M)\Homf (∆,Aff(M)) by
(Aff(M)η)(ζInn(∆)) = Aff(M)(ηζ).
Definition: Define the set Aff(∆,M) by the formula
Aff(∆,M) = (Aff(M)\Homf (∆,Aff(M)))/Out(∆).
If η ∈ Homf (∆,Aff(M)), let [η] = (Aff(M)η)Out(∆) be the element of Aff(∆,M)
determined by η.
Let η ∈ Homf (∆,Aff(M)). By Theorem 5 of [5], there exists C ∈ GL(m,R) such
that CMC−1 is an m-space group and C#(Ωη(∆)) ⊆ OutE(CMC
−1). By Lemma
2, we have that ΩC♯η(∆) ⊆ OutE(CMC
−1). By Theorems 2 and 3 of [5], we deduce
that C♯η(∆) ⊆ Isom(E
m/CMC−1). Extend CMC−1 to a subgroup N of Isom(En)
such that the point group of N acts trivially on (Em)⊥. By Theorem 2.9 of [7],
there exists an n-space group Γ containing N as a complete normal subgroup such
that Γ′ = ∆ and if Ξ : Γ/N → Isom(Em/N) is the homomorphism induced by the
action of Γ/N on Em/N, then Ξ = C♯ηP where P : Γ/N → Γ
′ is the isomorphism
defined by P(Nγ) = γ′. Define
ψ : Aff(∆,M)→ Iso(∆,M)
by ψ([η]) = [Γ,N]. We next show that ψ is well-defined.
Lemma 3. The function ψ : Aff(∆,M)→ Iso(∆,M) is a well-defined surjection.
Proof. To see that ψ is well-defined, let η ∈ Homf (∆,Aff(M)), and let α ∈ Aff(M)
and ζ ∈ Aut(∆). By Theorem 5 of [5], there exists Cˆ ∈ GL(m,R) such that CˆMCˆ−1
is an m-space group and
Cˆ#(Ωα∗ηζ(∆)) ⊆ OutE(CˆMCˆ
−1).
Then Cˆ♯α∗ηζ(∆) ⊆ Isom(E
m/CˆMCˆ−1). Extend CˆMCˆ−1 to a subgroup Nˆ of
Isom(En) such that the point group of Nˆ acts trivially on (Em)⊥. By Theorem 2.9
of [7], there exists an n-space group Γˆ containing Nˆ as a complete normal subgroup
such that Γˆ′ = ∆ and if Ξˆ : Γˆ/Nˆ→ Isom(Em/Nˆ) is the homomorphism induced by
the action of Γˆ/Nˆ on Em/Nˆ, then Ξˆ = Cˆ♯α∗ηζPˆ where Pˆ : Γˆ/Nˆ→ Γˆ
′ is the isomor-
phism defined by Pˆ(Nˆγ) = γ′. Lift α to an affinity α˜ of Em such that α˜Mα˜−1 = M
and α˜⋆ = α. Then α˜♯ = α∗ and we have
Cˆ♯α∗ηζPˆPˆ
−1ζ−1P = (Cˆα˜C−1)♯C♯ηP,
and so we have
ΞˆPˆ−1ζ−1P = (Cˆα˜C−1)♯Ξ.
By Bieberbach’s theorem, there is an affinity ζ˜ of En−m such that ζ˜∆ζ˜−1 and
ζ˜∗ = ζ. By Theorem 3.3 of [7], there is φ ∈ Aff(E
n) such that φ(Γ,N)φ−1 = (Γˆ, Nˆ)
with φ = Cˆα˜C−1 and φ′ = ζ˜−1. Thus ψ : Aff(∆,M)→ Iso(∆,M) is well-defined.
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To see that ψ is onto, let [Γ1,N1] ∈ Iso(∆,M). Then we have isomorphisms
α : N1 → M and β : Γ1/N1 → ∆. Let V = Span(N1), and let Ξ1 : Γ1/N1 →
Isom(V/N1) be the homomorphism induced by the action of Γ1/N1 on V/N1. By
Bieberbach’s theorem, there is an affinity α˜ : V → Em such that α˜N1α˜
−1 = M
and α˜∗ = α. Let η = α˜♯Ξ1β
−1. Then η ∈ Homf (∆,Aff(M)) by Theorem 2 of [5]
and Lemma 2. By Theorems 2, 3, and 5 of [5], there is a C ∈ GL(m,R) such that
CMC−1 is an m-space group and
C♯η(∆) ⊆ Isom(E
m/CMC−1).
Extend CMC−1 to a subgroup N2 of Isom(E
n) such that the point group of N2
acts trivially on (Em)⊥. By Theorem 2.9 of [7], there exists an n-space group
Γ2 containing N2 as a complete normal subgroup such that Γ
′
2 = ∆ and if Ξ2 :
Γ2/N2 → Isom(E
m/N2) is the homomorphism induced by the action of Γ2/N2 on
Em/N2, then Ξ2 = C♯ηP2 where P2 : Γ2/N2 → Γ
′
2 is the isomorphism defined by
P2(N2γ) = γ
′. Then we have
Ξ2P
−1
2 (βP
−1
1 )P1 = C♯ηβ = C♯α˜♯Ξ1 = (Cα˜)♯Ξ1.
By Theorem 3.3 of [7], there is φ ∈ Aff(En) such that φ(Γ1,N1)φ
−1 = (Γ2,N2).
Therefore ψ([η]) = [Γ1,N1]. Thus ψ is surjective. 
Theorem 5. Let m be a positive integer less than n. Let M be an m-space group
with trivial center, and let ∆ be an (n − m)-space group. Then the function ψ :
Aff(∆,M)→ Iso(∆,M) is a bijection.
Proof. To see that ψ is injective, let ηi ∈ Homf (∆,Aff(M)) for i = 1, 2 such that
ψ([η1]) = ψ([η2]). By the definition of ψ, there exists Ci ∈ GL(m,R) such that
CiMC
−1
i is an m-space group and (Ci)♯η(∆) ⊆ Isom(E
m/CiMC
−1
i ) for each i =
1, 2. Extend CiMC
−1
i to a subgroup Ni of Isom(E
n) such that the point group
of Ni acts trivially on (E
m)⊥. By Theorem 2.9 of [7], there exists an n-space
group Γi containing Ni as a complete normal subgroup such that Γ
′
i = ∆ and if
Ξi : ΓiNi → Isom(E
m/Ni) is the homomorphism induced by the action of Γi/Ni
on Em/Ni, then Ξi = (Ci)♯ηiPi where Pi : Γi/Ni → Γ
′
i is the isomorphism defined
by Pi(Niγ) = γ
′ for i = 1, 2. Then we have
[Γ1,N1] = ψ([η1]) = ψ([η2]) = [Γ2,N2].
Hence, there exists φ ∈ Aff(En) such that φ(Γ1,N1)φ
−1 = (Γ2,N2). By Lemma 2
and Theorem 3.3 of [7], we have that Ξ2P
−1
2 φ
′
∗P1 = φ♯Ξ1. Hence, we have that
(C2)♯η2φ
′
∗P1 = φ♯(C1)♯η1P1.
Therefore, we have
η2φ
′
∗ = (C2)
−1
♯ φ♯(C1)♯η1 = (C
−1
2 φC1)♯η1.
Hence [η1] = [η2]. Thus ψ is injective. By Lemma 3, we have that ψ is surjection.
Therefore ψ is a bijection. 
Let η ∈ Homf (∆,Aff(M)). Then Ωη ∈ Homf (∆,Out(M)). Let α ∈ Aff(M) and
β ∈ Aut(∆). Then α lifts to α˜ ∈ Aff(Em) such that α˜Mα˜−1 = M and α˜⋆ = α. We
have that α˜♯ = α∗. By Lemma 2, we have that
Ωα∗ηβ = Ωα˜♯ηβ = α˜#(Ωη)β = (α˜∗)#(Ωη)β.
Hence, we may define a function χ : Aff(∆,M)→ Out(∆,M) by χ([η]) = [Ωη].
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Lemma 4. The function χ : Aff(∆,M) → Out(∆,M) is the composition of the
function ψ : Aff(∆,M)→ Iso(∆,M) followed by ω : Iso(∆,M)→ Out(∆,M).
Proof. Let η ∈ Homf (∆,Aff(M)). By Theorem 5 of [5], there exists C ∈ GL(m,R)
such that CMC−1 is an m-space group and C#(Ωη(∆)) ⊆ OutE(CˆMC
−1). Then
C♯η(∆) ⊆ Isom(E
m/CMC−1). Extend CMC−1 to a subgroup N of Isom(En) such
that the point group of N acts trivially on (Em)⊥. By Theorem 2.9 of [7], there
exists an n-space group Γ containing N as a complete normal subgroup such that
Γ′ = ∆ and if Ξ : Γ/N→ Isom(Em/N) is the homomorphism induced by the action
of Γ/N on Em/N, then Ξ = C♯ηP where P : Γ/N→ Γ
′ is the isomorphism defined
by P(Nγ) = γ′. Then ψ([η]) = [Γ,N].
The homomorphism O : Γ/N → OutE(N) induced by the action of Γ on N by
conjugation is given by O = ΩC♯ηP. Now, we have that
ω([Γ,N]) = [C−1# OP
−1] = [C−1# (ΩC♯ηP)P
−1] = [Ωη] = χ([η]).
Therefore χ = ωψ. 
Corollary 2. If M has trivial center, then the function ω : Iso(∆,M)→ Out(∆,M)
is a bijection.
Proof. We have that Ω : Aff(M) → Out(M) is an isomorphism by Theorems 1,
2, and 3 of [5]. Hence χ : Aff(∆,M) → Out(∆,M) is a bijection. We have that
ψ : Aff(∆,M) → Iso(∆,M) is a bijection by Theorem 5. By Lemma 4, we have
that χ = ωψ. Therefore ω is a bijection. 
7. Co-Seifert Geometric Fibrations Over A Circle
In this section, we describe the classification of the geometric fibrations of com-
pact, connected, flat n-orbifolds, over a circle, up to affine equivalence. By Theorem
10 of [4] this is equivalent to classifying pairs (Γ,N), consisting of an n-space group
Γ and an (n−1)-dimensional, complete, normal subgroup N such that Γ/N is infinite
cyclic, up to isomorphism.
Let N be an (n − 1)-dimensional, complete, normal subgroup of an n-space
group Γ such that Γ/N is infinite cyclic. Let γ be an element of Γ such that γN is
a generator of Γ/N. Then Γ is an HNN extension with base N, stable letter γ, and
automorphism γ∗ of N defined by γ∗(ν) = γνγ
−1 for each ν in N. If µ ∈ N, then
γµN = γN and (γµ)∗ = γ∗µ∗. Hence, the generator γN of Γ/N determines a unique
element γ∗Inn(N) of OutE(N). The other generator γ
−1N of Γ/N determines the
element γ−1∗ Inn(N) of OutE(N). Hence, the pair (Γ,N) determines the pair of
inverse elements {γ∗Inn(N), γ
−1
∗ Inn(N)} of OutE(N). As usual (x, y) denotes an
ordered pair whereas {x, y} denotes an unordered pair.
Lemma 5. Let Ni be a complete normal subgroup of an n-space group Γi such
that Γi/Ni is infinite cyclic for i = 1, 2. Let γi ∈ Γi be such that γiNi generates
Γi/Ni for i = 1, 2. Then an isomorphism α : N1 → N2 extends to an isomorphism
φ : Γ1 → Γ2 if and only if α(γ1)∗α
−1Inn(N2) = (γ
±1
2 )∗Inn(N2).
Proof. Suppose α extends to an isomorphism φ : Γ1 → Γ2. Then φ(γ1) is an
element of Γ2 such that φ(γ1)N2 generates Γ2/N2. Hence φ(γ1)N2 = γ
±1
2 N2. If
ν ∈ N2, then
(α(γ1)∗α
−1)(ν) = α(γ1α
−1(ν)γ−11 ) = φ(γ1)νφ(γ1)
−1.
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Hence α(γ1)∗α
−1 = (φ(γ1))∗, and so α(γ1)∗α
−1Inn(N2) = (γ
±1
2 )∗Inn(N2).
Conversely, suppose that α(γ1)∗α
−1Inn(N2) = (γ
±1
2 )∗Inn(N2). By replacing γ2
by γ−12 , if necessary, we may assume that α(γ1)∗α
−1Inn(N2) = (γ2)∗Inn(N2). Then
there exists µ ∈ N2 such that α(γ1)∗α
−1 = (γ2)∗µ∗. Hence α(γ1)∗α
−1 = (γ2µ)∗.
Define φ : Γ1 → Γ2 by
φ(νγk1 ) = α(ν)(γ2µ)
k
for each ν ∈ N1 and k ∈ Z. If ν, λ ∈ N1 and k, ℓ ∈ Z, then we have
φ(νγk1λγ
ℓ
1) = φ(νγ
k
1λγ
−k
1 γ
k+ℓ
1 )
= φ(ν(γ1)
k
∗(λ)γ
k+ℓ
1 )
= α(ν(γ1)
k
∗(λ))(γ2µ)
k+ℓ
= α(ν)α(γ1)
k
∗α
−1α(λ)(γ2µ)
k+ℓ
= α(ν)(α(γ1)∗α
−1)kα(λ)(γ2µ)
k+ℓ
= α(ν)(γ2µ)
k
∗α(λ)(γ2µ)
k+ℓ
= α(ν)(γ2µ)
kα(λ)(γ2µ)
−k(γ2µ)
k+ℓ
= α(ν)(γ2µ)
kα(λ)(γ2µ)
ℓ = φ(νγk1 )φ(λγ
ℓ
1).
Hence φ is a homomorphism; moreover φ is an isomorphism, since φ restricts to α
on N1 and φ(γ1) = γ2µ. 
Lemma 6. Let M be an (n−1)-space group, and let ∆ be an infinite cyclic 1-space
group with generator δ. The set Out(∆,M) is in one-to-one correspondence with
the set of conjugacy classes of pairs of inverse elements of Out(M) of finite order.
The element [η] of Out(∆,M) corresponds to the conjugacy class of {η(δ), η(δ−1)}.
Proof. The the set Homf (∆,Out(M)) is in one-to-one correspondence with the set
of elements of Out(M) of finite order via the mapping η 7→ η(δ), since ∆ is the
free group generated by δ. The infinite cyclic group ∆ has a unique automorphism
that maps δ to δ−1 and this automorphism represents the generator of the group
Aut(∆) = Out(∆) of order 2. Therefore, the set Out(∆,M) is in one-to-one corre-
spondence with the set of conjugacy classes of pairs of inverse elements of Out(M)
of finite order via the mapping [η] 7→ [{η(δ), η(δ−1}]. 
Theorem 6. If ∆ is an infinite cyclic 1-space group and M is an (n − 1)-space
group, then the function ω : Iso(∆,M)→ Out(∆,M) is a bijection.
Proof. Any homomorphism η : ∆ → Out(M) lifts to a homomorphism η˜ : ∆ →
Aff(M) such that Ωη˜ = η, since Ω : Aff(M) → Out(M) is onto by Theorem 3 of
[5]. Hence, the function χ : Aff(∆,M) → Out(∆,M) is surjective. Therefore ω is
surjective, since χ = ωψ by Lemma 4
Let Ni be a complete normal subgroup of an n-space group Γi with Γi/Ni infinite
cyclic for i = 1, 2 such that ω([Γ1,N1]) = ω([Γ2,N2]). Let αi : Ni → M be an
isomorphism for i = 1, 2. Let γi ∈ Γi such that Niγi generates Γi/Ni for each
i = 1, 2, and let δ be a generator of ∆. Define an isomorphism βi : ∆ → Γi/Ni by
βi(δ) = γi for i = 1, 2. Let Oi : Γi/Ni → OutE(Ni) be the homomorphism induced
by the action of Γi on Ni by conjugation for i = 1, 2. Then in Out(∆,M), we have
[(α1)#O1β1] = [(α2)#O2β2].
Hence, by Lemma 6, there is an automorphism ζ of M such that
{ζα1(γ
±1
1 )∗α
−1
1 ζ
−1 Inn(M)} = {α2(γ
±1
2 )∗α
−1
2 Inn(M)}.
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After applying the isomorphism (α−12 )# : Out(M)→ Out(N2), we have that
{α−12 ζα1(γ
±1
1 )∗α
−1
1 ζ
−1α2Inn(N2)} = {(γ
±1
2 )∗Inn(N2)}.
Hence, the isomorphism α−12 ζα1 : N1 → N2 extends to an isomorphism φ : (Γ1,N1)→
(Γ2,N2) by Lemma 5. Therefore [Γ1,N1] = [Γ2,N2], and so ω is injective. 
Theorem 7. Let M be an (n−1)-space group, and let ∆ be an infinite cyclic 1-space
group. The set Iso(∆,M) is in one-to-one correspondence with the set of conjugacy
classes of pairs of inverse elements of Out(M) of finite order. If [Γ,N] ∈ Iso(∆,M)
and α : N→ M is an isomorphism and γ is an element of Γ such that Nγ generates
Γ/N, then [Γ,N] corresponds to the conjugacy class of the pair of inverse elements
{αγ±1∗ α
−1Inn(M)} of Out(M).
Proof. The function ω : Iso(∆,M) → Out(∆,M) is a bijection by Theorem 6. Let
[Γ,N] ∈ Iso(∆,M), and let γ be an element of Γ such that Nγ generates Γ/N.
Let O : Γ/N → OutE(N) be the homomorphism induced by the action of Γ on
N by conjugation. Let α : N → M and β : ∆ → Γ/N be isomorphisms. Then
ω([Γ,N]) = [α#Oβ], and [α#Oβ] corresponds to the conjugacy class of the pair of
inverse elements
{α#Oβ(β
−1(Nγ±1))} = {α#O(Nγ
±1)}
= {α#(γ
±1
∗ Inn(N))} = {αγ
±1
∗ α
−1Inn(M)}
of Out(M) by Lemma 6. 
8. Co-Seifert Geometric Fibrations Over A Closed Interval
In this section, we describe the classification of the geometric fibrations of com-
pact, connected, flat n-orbifolds, over a closed interval, up to affine equivalence.
By Theorem 10 of [4] this is equivalent to classifying pairs (Γ,N), consisting of an
n-space group Γ and an (n − 1)-dimensional, complete, normal subgroup N such
that Γ/N is infinite dihedral, up to isomorphism.
Let ∆ be an infinite dihedral group. A set of Coxeter generators of ∆ is a pair
of elements of ∆ of order 2 that generate ∆. Any two sets of Coxeter generators of
∆ are conjugate in ∆.
Lemma 7. Let M be an (n − 1)-space group, and let ∆ be an infinite dihedral 1-
space group with Coxeter generators δ1 and δ2. The set Out(∆,M) is in one-to-one
correspondence with the set of conjugacy classes of pairs of elements of Out(M)
of order 1 or 2 whose product has finite order. The element [η] of Out(∆,M)
corresponds to the conjugacy class of {η(δ1), η(δ2)}.
Proof. The set Homf (∆,Out(M)) is in one-to-one correspondence with the set of
ordered pairs of elements of Out(M), of order 1 or 2 whose product has finite
order, via the mapping η 7→ (η(δ1), η(δ2)), since ∆ is the free product of the cyclic
groups of order two generated by δ1 and δ2. The infinite dihedral group ∆ has a
unique automorphism that transposes δ1 and δ2, and this automorphism represents
the generator of the group Out(∆) of order 2. Therefore, the set Out(∆,M) is
in one-to-one correspondence with the set of conjugacy classes of unordered pairs
of elements of Out(M), of order 1 or 2 whose product has of finite order, via the
mapping [η] 7→ [{η(δ1), η(δ2}]. 
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Theorem 8. Let M be an (n− 1)-space group with trivial center, and let ∆ be an
infinite dihedral 1-space group. The set Iso(∆,M) is in one-to-one correspondence
with the set of conjugacy classes of pairs of elements of Out(M) of order 1 or
2 whose product has finite order. If [Γ,N] ∈ Iso(∆,M) and α : N → M is an
isomorphism, and γ1, γ2 are elements of Γ such that {Nγ1,Nγ2} is a set of Coxeter
generators of Γ/N, then [Γ,N] corresponds to the conjugacy class of the pair of
elements {α(γ1)∗α
−1Inn(M), α(γ2)∗α
−1Inn(M)} of Out(M).
Proof. The function ω : Iso(∆,M) → Out(∆,M) is a bijection by Corollary 2.
Let [Γ,N] ∈ Iso(∆,M), and let γ1, γ2 be elements of Γ such that {Nγ1,Nγ2} is a
set of Coxeter generators of Γ/N. Let O : Γ/N→ OutE(N) be the homomorphism
induced by the action of Γ on N by conjugation. Let α : N→ M and β : ∆→ Γ/N be
isomorphisms. Then ω([Γ,N]) = [α#Oβ], and [α#Oβ] corresponds to the conjugacy
class of the pair of elements
{α#Oββ
−1(Nγ1), α#Oββ
−1(Nγ2)} = {α#O(Nγ1), α#O(Nγ2)}
= {α#(γ1)∗Inn(N)), α#(γ2)∗Inn(N))}
= {α(γ1)∗α
−1Inn(M), α(γ2)∗α
−1Inn(M)}
of Out(M) by Lemma 7. 
Let M be an (n−1)-space group, and let ∆ be an infinite dihedral 1-space group.
When M has nontrivial center, the set Iso(∆,M) is best understood by describing
the fibers of the surjection ψ : Aff(∆,M)→ Iso(∆,M).
Lemma 8. Let M be an (n − 1)-space group, and let ∆ be an infinite dihedral
1-space group with Coxeter generators δ1 and δ2. The set Aff(∆,M) is in one-to-
one correspondence with the set of conjugacy classes of pairs of elements of Aff(M)
of order 1 or 2 whose product has image of finite order under the epimorphism
Ω : Aff(M)→ Out(M). The element [η] of Aff(∆,M) corresponds to the conjugacy
class of {η(δ1), η(δ2)}.
Proof. Via the mapping η 7→ (η(δ1), η(δ2)), the set Homf (∆,Aff(M)) is in one-to-
one correspondence with the set of ordered pairs of elements of Aff(M) of order 1
or 2 whose product has image of finite order under the epimorphism Ω : Aff(M)→
Out(M), since ∆ is the free product of the cyclic groups of order two generated by δ1
and δ2. The infinite dihedral group ∆ has a unique automorphism that transposes
δ1 and δ2, and this automorphism represents the generator of the group Out(∆) of
order 2. Therefore, via the mapping [η] 7→ [{η(δ1), η(δ2}], the set Aff(∆,M) is in
one-to-one correspondence with the set of conjugacy classes of unordered pairs of
elements of Aff(M) of order 1 or 2 whose product has image of finite order under
the epimorphism Ω : Aff(M)→ Out(M). 
We denote the identity maps of En, En−1, E1 by I, I, I ′, respectively, and we
identify E1 with (En−1)⊥ in En. To simplify matters, we assume that ∆ is the
standard infinite dihedral 1-space group with Coxeter generators the reflections
δ1 = −I
′ and δ2 = 1 − I
′ of E1. The next theorem gives an algebraic description
of the fibers of the surjection ψ : Aff(∆,M)→ Iso(∆,M).
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Theorem 9. Let let M be an (n− 1)-space group, and let ∆ be the infinite dihedral
1-space group generated by δ1 = −I
′ and δ2 = 1−I
′. Let η1, η2 ∈ Homf (∆,Aff(M)),
and let η1(δi) = (ai+Ai)⋆, with ai+Ai ∈ Aff(E
n−1) that normalizes M for i = 1, 2.
Let Ei be the (−1)-eigenspace of the restriction of Ai to Span(Z(M)) for i = 1, 2.
Then the surjection ψ : Aff(∆,M) → Iso(∆,M) has the property that ψ([η1]) =
ψ([η2]) if and only if there is a vector v ∈ E1∩E2 such that {η1(δ1), (v+ I)⋆η1(δ2)}
is conjugate to {η2(δ1), η2(δ2)} by an element of Aff(M).
Proof. By Theorem 5 of [5], there exists Ci ∈ GL(n − 1,R) such that CiMC
−1
i
is an (n − 1)-space group and (Ci)♯ηi(∆) ⊆ Isom(E
n−1/CiMC
−1
i ) for i = 1, 2.
Extend CiMC
−1
i to a subgroup Ni of Isom(E
n) such that the point group of Ni
acts trivially on (En−1)⊥ for i = 1, 2. By Theorem 2.9 of [7], there exists an n-
space group Γi containing Ni as a complete normal subgroup such that Γ
′
i = ∆
and if Ξi : Γi/Ni → Isom(E
n−1/Ni) is the homomorphism induced by the action of
Γi/Ni on E
n−1/Ni, then Ξi = (Ci)♯ηiPi where Pi : Γi/Ni → Γ
′
i is the isomorphism
defined by Pi(Niγ) = γ
′. Then ψ([ηi]) = [Γi,Ni] for i = 1, 2.
Suppose ψ([η1]) = ψ([η2]). Then [Γ1,N1] = [Γ2,N2]. By Bieberbach’s theo-
rem, there exists an affinity φ = c + C of En such that φ(Γ1,N1)φ
−1 = (Γ2,N2).
Then C(En−1) = En−1, since φ(N1) = N2. Let C : E
n−1 → En−1 be the lin-
ear automorphism obtained by restricting C. Let C′ : (En−1)⊥ → En−1 and
C′ : (En−1)⊥ → (En−1)⊥ be the linear transformations obtained by restricting C
to (En−1)⊥ followed by orthogonal projections to En−1 and (En−1)⊥ respectively.
Write c = c + c′ with c ∈ En−1 and c′ ∈ (En−1)⊥. Let φ : En−1 → En−1 and
φ′ : (En−1)⊥ → (En−1)⊥ be the affine transformations defined by φ = c + C and
φ′ = c′ + C′.
By Theorem 3.3 in [7], we have that
Ξ2P
−1
2 (φ
′)∗P1 = (C′p1)⋆(φ)♯Ξ1.
Hence, we have
(C2)♯η2(φ
′)∗ = ((C′p1)⋆P
−1
1 )(φ)♯(C1)♯η1,
Now (φ′)⋆({δ1, δ2}) is a set of Coxeter generators of ∆, and hence there exists
δ ∈ ∆ such that (φ′)⋆({δ1, δ2}) = δ{δ1, δ2}δ
−1, and say that (φ′)⋆(δ1) = δδjδ
−1 and
(φ′)⋆(δ2) = δδkδ
−1. Upon evaluating at δ1 and δ2, we have
(C2)⋆η2(δδjδ
−1)(C2)
−1
⋆ = (φC1)⋆η1(δ1)(φC1)
−1
⋆ ,
and
(C2)⋆η2(δδkδ
−1)(C2)
−1
⋆ = (C
′(en) + I)⋆(φC1)⋆η1(δ2)(φC1)
−1
⋆ .
Therefore
η2(δj) = η2(δ)
−1(C−12 φC1)⋆η1(δ1)(C
−1
2 φC1)
−1
⋆ η2(δ),
and
η2(δk) = η2(δ)
−1(C−12 φC1)⋆(φC1)
−1
⋆ (C
′(en) + I)⋆(φC1)⋆η1(δ2)(C
−1
2 φC1)
−1
⋆ η2(δ).
Now, we have that
(φC1)
−1
⋆ (C
′(en) + I)⋆(φC1)⋆ = (C
−1
1 C
−1
C′(en) + I)⋆.
By Lemma 3.1 of [7], we have that C′(en) ∈ Span(Z(N2)). Hence, we have that
C
−1
C′(en) ∈ Span(Z(N1)), and so C
−1
1 C
−1
C′(en) ∈ Span(Z(M)).
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Next, we have that
(C1)♯η1(δi) = (C1ai + C1AiC
−1
1 )⋆
for i = 1, 2. Let δˆi = bi + Bi ∈ Γ1 be formed from C1ai + C1AiC
−1
1 and δi,
as in the beginning of the proof of Theorem 2.9 of [7], so that δˆ′i = δi for i =
1, 2. Then Bi = C1AiC
−1
1 and B
′
i = −I
′ for i = 1, 2, and b′1 = 0 and b
′
2 = en.
By Lemma 3.1 of [7], we have that C′B′i = CBiC
−1
C′. Hence C′(en) is in the
(−1)-eigenspace of CBiC
−1
. Therefore C
−1
C′(en) is in the (−1)-eigenspace of
Bi, and so C
−1
1 C
−1
C′(en) is in the (−1)-eigenspace of Ai for i = 1, 2. Now let
v = C−11 C
−1
C′(en). Then v ∈ E1 ∩ E2, and we have that {η1(δ1), (v + I)⋆η1(δ2)}
is conjugate to {η2(δ1), η2(δ2)} by the element η2(δ)
−1(C−12 φC1)⋆ of Aff(M).
Conversely, suppose there is a vector v ∈ E1∩E2 such that {η1(δ1), (v+I)⋆η1(δ2)}
is conjugate to {η2(δ1), η2(δ2)} by an element of Aff(M). Let ξ ∈ Aff(E
n−1) such
that ξMξ−1 = M and η2(δj) = ξ⋆η1(δ1)ξ
−1
⋆ and η2(δk) = ξ⋆(v + I)⋆η1(δ2)ξ
−1
⋆ with
{j, k} = {1, 2}. Define α ∈ Aff(En−1) by α = C2ξC
−1
1 . Then αC1MC
−1
1 α
−1 =
C2MC
−1
2 , and so αN1α
−1 = N2. Let β ∈ Aff((E
n−1)⊥) be either the identity map
I ′ if j = 1 or the reflection 1/2 − I ′ if k = 1. Then β∗ is the automorphism of ∆
that maps (δ1, δ2) to (δj , δk).
Write ξ = a+A with a ∈ En−1 and A ∈ GL(n− 1,R). Define a linear transfor-
mation D : (En−1)⊥ → Span(Z(N2)) by D(en) = C2Av. Let φ = c+ C ∈ Aff(E
n)
be such that φ = α, and φ′ = β, and C′ = D. Then C = C2AC
−1
1 . For δˆi = bi+Bi,
we have that Bi = C1AiC
−1
1 for i = 1, 2. Now v is in the (−1)-eigenspace of Ai for
i = 1, 2, and so Av is in the (−1)-eigenspace of AAiA
−1 for i = 1, 2. Hence C2Av
is in the (−1)-eigenspace of C2AAiA
−1C−12 for i = 1, 2. Therefore C2Av is in the
(−1)-eigenspace of CBiC
−1
for i = 1, 2. Hence DB′i = CBiC
−1
D for i = 1, 2. As
N1δˆ1 and N1δˆ2 generate Γ1/N1, we have that if b+B ∈ Γ1, then DB
′ = CBC
−1
D.
Observer that
Ξ2P
−1
2 β∗P1(N1δˆ1) = Ξ2P
−1
2 β∗(δ1)
= (C2)♯η2(δj)
= (C2)♯ξ⋆η1(δ1)ξ
−1
⋆
= (C2)♯ξ♯(C1)
−1
♯ (C1)♯η1P1P
−1
1 (δ1)
= α♯Ξ1(N1δˆ1) = (Dp1)⋆(N1δˆ1)α♯Ξ1(N1δˆ1),
and
Ξ2P
−1
2 β∗P1(N1δˆ2) = Ξ2P
−1
2 β∗(δ2)
= (C2)♯η2(δk)
= (C2)♯ξ⋆(v + I)⋆η1(δ2)ξ
−1
⋆
= (C2)⋆ξ⋆(v + I)⋆ξ
−1
⋆ (C2)
−1
⋆ (C2)⋆ξ⋆η1(δ2)ξ
−1
⋆ (C2)
−1
⋆
= (C2Av + I)⋆(C2)⋆ξ⋆(C1)
−1
⋆ (C1)⋆η1(δ2)ξ
−1
⋆ (C2)
−1
⋆
= (Den + I)⋆α⋆(C1)⋆η1(δ2)(C1)
−1
⋆ α
−1
⋆
= (Db′2 + I)⋆α♯(C1)♯η1P1P
−1
1 (δ2)
= (Dp1)⋆(N1δˆ2)α♯Ξ1(N1δˆ2).
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Let K2 be the connected component of the identity of Isom(E
n−1/N2). Then
K2 is the kernel of the epimorphism Ω : Isom(E
n−1/N2)→ OutE(N2) by Theorem
2 of [5]. Upon applying Ω, we have that
ΩΞ2P
−1
2 β∗P1(N1δˆ1) = Ωα♯Ξ1(N1δˆ1),
and by Theorem 1 of [5] that
ΩΞ2P
−1
2 β∗P1(N1δˆ2) = Ωα♯Ξ1(N1δˆ2).
Hence ΩΞ2P
−1
2 β∗P1 = Ωα♯Ξ1, since N1δˆ1 and N1δˆ2 generate Γ1/N1. Therefore,
the ratio of homomorphisms (Ξ2P
−1
2 β∗P1)(α♯Ξ1)
−1 maps to the abelian group
K2. Hence (Ξ2P
−1
2 β∗P1)(α♯Ξ1)
−1 : Γ1/N1 → K2 is a crossed homomorphism with
N1(b+ B) acting on K2 by conjugation by
Ξ2P
−1
2 β∗P1(N1(b+B)) = Ξ2P
−1
2 β∗(b
′ +B′)
= Ξ2P
−1
2 ((c
′ + C′)(b′ +B′)(c′ + C′)−1)
= Ξ2(N2(c+ C)(b +B)(c+ C)
−1)
= ((c+ C)(b +B)(c+ C)−1)⋆,
that is, if u ∈ Span(Z(N2)), then
(N1(b +B))(u + I)⋆ = (CBC
−1
u+ I)⋆.
The mapping (Dp1)⋆ : Γ1/N1 → K2 is a crossed homomorphism with respect
to the same action of Γ1/N1 on K2 by Theorem 3.3 of [7]. Hence, the crossed
homomorphisms (Ξ2P
−1
2 β∗P1)(α♯Ξ1)
−1 and (Dp1)⋆ are equal, since they agree on
the generators N1δˆ1 and N1δ2 of Γ1/N1. Therefore
Ξ2P
−1
2 β∗P1 = (Dp1)⋆α♯Ξ1.
Hence φ(Γ1,N1)φ
−1 = (Γ2,N2) by Theorem 3.3 of [7]. Therefore, we have that
ψ([η1]) = [Γ1,N1] = [Γ2,N2] = ψ([η2]). 
Theorem 10. Let let M be an (n−1)-space group, and let ∆ be the infinite dihedral
1-space group generated by δ1 = −I
′ and δ2 = 1 − I
′. Let [Γ,N] ∈ Iso(∆,M), let
V = Span(N), and let α : V → En−1 be an affinity such that αNα−1 = M. Let
{Nγ1,Nγ2} be a set of Coxeter generators of Γ/N, and let β : ∆ → Γ/N be the
isomorphism defined by β(δi) = Nγi for i = 1, 2. Let Ξ : Γ/N→ Isom(V/N) be the
homomorphism induced by the action of Γ/N on V/N. Write γi = bi+Bi with bi ∈
En and Bi ∈ O(n) for i = 1, 2, and let Ei be the (−1)-eigenspace of Bi restricted
to Span(Z(N)) for i = 1, 2. Then [α♯Ξβ] ∈ ψ
−1([Γ,N]), and [α♯Ξβ] corresponds
to the conjugacy class of the pair of elements {(αγ1α
−1)⋆, (αγ2α
−1)⋆} of Aff(M).
Moreover ψ−1([Γ,N]) is the set of all the elements of Aff(∆,M) that correspond to
the conjugacy class of the pair of elements {(αγ1α
−1)⋆, (α(v+I)γ2α
−1)⋆} of Aff(M)
for any v ∈ E1 ∩E2. In particular, if E1 ∩E2 = {0}, then ψ
−1([Γ,N]) = {[α♯Ξβ]}.
Proof. By the surjective part of the proof of Lemma 3, we have that [α♯Ξβ] ∈
ψ−1([Γ,N]). For i = 1, 2, we have that
α♯Ξβ(δi) = α♯Ξ(Nγi) = α♯((γi)⋆) = α⋆(γi)⋆α
−1
⋆ = (αγiα
−1)⋆.
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Hence [α♯Ξβ] corresponds to the conjugacy class of the pair {(αγ1α
−1)⋆, (αγ2α
−1)⋆}
by Lemma 8. Write α = a+A with a ∈ En−1 and A : V → En−1 a linear isomor-
phism. Then for i = 1, 2, we have
αγiα
−1 = (a+A)(bi +Bi)(a+A)
−1 = Abi + (I −ABiA
−1)a+ABiA
−1.
The (−1)-eigenspace of ABiA
−1 restricted to Span(Z(M)) is A(Ei) for i = 1, 2.
Suppose v ∈ E1 ∩E2. Then Av ∈ A(E1) ∩ A(E2) and
α(v + I)γ2α
−1 = α(v + I)α−1αγ2α
−1 = (Av + I)αγ2α
−1.
Now, we have that
((Av + I)αγ2α
−1)2⋆ = ((Av + I)αγ2α
−1(Av + I)αγ2α
−1)⋆
= ((Av + I)(−Av + I)αγ2α
−1αγ2α
−1)⋆ = I⋆.
Hence, the order of ((Av + I)αγ2α
−1)⋆ is at most 2. Moreover the element
Ω((αγ1α
−1)⋆((Av + I)αγ2α
−1)⋆)
of Out(M) has finite order, since
Ω((αγ1α
−1)⋆((Av + I)αγ2α
−1)⋆) = Ω((αγ1α
−1)⋆(αγ2α
−1)⋆).
Therefore, the conjugacy class of the pair of elements {(αγ1α
−1)⋆, (α(v+I)γ2α
−1)⋆}
of Aff(M) correspond to an element of ψ−1([Γ,N]) by Lemma 8 and Theorem 9.
Thus ψ−1([Γ,N]) is the set of all the elements of Aff(∆,M) that correspond to the
conjugacy class of the pair of elements {(αγ1α
−1)⋆, (α(v + I)γ2α
−1)⋆} of Aff(M)
for any v ∈ E1 ∩ E2 by Lemma 8 and Theorem 9. 
Example 1. Let e1 and e2 be the standard basis vectors of E
2. Let Γ be the
group generated by t1 = e1+ I and t2 = e2+ I and −I. Then Γ is a 2-space group,
and E2/Γ is a pillow. Let N = 〈t1〉. Then N is a complete normal subgroup of Γ,
with V = Span(N) = Span{e1}. The quotient Γ/N is an infinite dihedral group
generated by Nt2 and N(−I). Let γ1 = −I and γ2 = e2 − I. Then Nγ1 and Nγ2
are Coxeter generators of Γ/N.
Let ∆ be the standard infinite dihedral group, and let M be the standard infinite
cyclic 1-space group generated by t1 = e1 + I. By Theorem 10, we have that
ψ−1([Γ,N]) consists of all the elements [η] ∈ Aff(∆,M) that correspond to the
conjugacy class of the pair of elements {(γ1)⋆, ((v+ I)γ2)⋆} of Isom(E
1/M) for any
v ∈ E1. Here γ1 = γ2 = −I.
The reflections (γ1)⋆ and ((v+I)γ1)⋆ of the circle E
1/M lie in the same connected
component K of the Lie group Isom(E1/M). Define a metric on K so that ξ :
E1/M → K defined by ξ(Mv) = ((v + I)γ1)⋆ is an isometry. Conjugating by an
element of Isom(E1/M) is an isometry of K with respect to this metric. Hence, the
distance between (γ1)⋆ and ((v + I)γ1)⋆ is an invariant of the conjugacy class of
the pair {(γ1)⋆, ((v+ I)γ1)⋆}. If 0 ≤ v ≤ 1/2, then the distance between (γ1)⋆ and
((v + I)γ1)⋆ is v, and so ψ
−1([Γ,N]) has uncountably many elements.
Let v ∈ R with 0 ≤ v < 1, and let Γv be the group generated by t1 = e1+ I and
t2 = ve1 + e2 + I and −I. Then Γv is a 2-space group, and E
2/Γv is a pillow. Let
N = 〈t1〉. Then N is a complete normal subgroup of Γv, and Γv/N is an infinite
dihedral group. Let γ1 = −I and γ2 = ve1+e2− I. Then Nγ1 and Nγ2 are Coxeter
generators of Γv/N. Let βv : ∆→ Γv/N be the isomorphism defined by βv(δi) = γi
for i = 1, 2. Let V = Span(N) = Span{e1}, and let Ξv : Γv/N→ Isom(V/N) be the
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homomorphism induced by the action of Γv/N on V/N. Then [Ξvβv] ∈ ψ
−1([Γv,N])
and [Ξvβv] corresponds to the pair of elements
{(γ1)⋆, (γ2)⋆} = {(γ1)⋆, ((v + I)γ1)⋆}
of Isom(E1/M) by Theorem 10. Hence [Γv,N] = [Γ,N] by Theorem 9.
Let K be the kernel of the action of Γv on V/N. The structure group Γv/NK is
a dihedral group generated by NKt2 and NK(−I) , The element NKt2 acts on the
circle V/N, of length one, by rotating a distance v, and NK(−I) acts on V/N as a
reflection. Let c, d ∈ Z. Then tc1t
d
2 = (c+dv)e1+de2+I, and t
c
1t
d
2 ∈ K if and only if
c+ dv = 0. Thus if v is irrational, then K = {I}, and Γv/NK is infinite. If v = a/b
with a, b ∈ Z, b > 0, and a, b coprime, then NKt2 has order b in Γv/NK, since
Γv/NK acts effectively on V/N by Theorem 3(2) of [6]. Thus N has an orthogonal
dual in Γv if and only if v is rational. This example shows that the order of the
structure group Γv/NK is not necessarily an invariant of the affine equivalence class
of (Γv,N). See also Example 3 of [6].
9. Classification from the Action of the Structure Group
Let N be an (n − 1)-dimensional, complete, normal subgroup of an n-space
group Γ, and let K be the kernel of the action of Γ on V = Span(N). The group
Γ/N is either infinite cyclic or infinite dihedral. We say that a pair of generators
{Nγ1,Nγ2} of Γ/N is canonical when γ2 = γ
−1
1 if Γ/N is cyclic or Nγ1,Nγ2 are
Coxeter generators if Γ/N is dihedral. The isomorphism class of (Γ,N) is determined
by the action of a canonical pair of generators of Γ/N on V/N. The action of Γ/N on
V/N factors through the action of the structure group Γ/NK on V/N. The question
then arises as to when a pair of generators of Γ/NK is the image of a canonical
pair of generators of Γ/N under the natural projection from Γ/N to Γ/NK. In this
section, we answer this question. This will enable us to determine the action of Γ/N
on V/N from the diagonal action of the structure group Γ/NK on V/N× V ⊥/K.
We have a short exact sequence
1→ NK/N →֒ Γ/N→ Γ/NK→ 1.
By Lemma 9 below for the dihedral case, every normal subgroup of Γ/N of infinite
index is trivial. Hence, if the structure group Γ/NK is infinite, then K ∼= NK/N is
trivial, and so Γ/N is the structure group.
Suppose that Γ/N is cyclic and the structure group Γ/NK is finite. Then Γ/NK
is finite cyclic of order m for some positive integer m, since Γ/NK is a quotient of
Γ/N. Hence, the number of generators of Γ/NK is equal to the Euler phi function of
m, and so Γ/NK may have more than two generators, and a generator of Γ/NK may
not lift to a generator of Γ/N. The next theorem gives a necessary and sufficient
condition for a generator of Γ/NK to lift to a generator of Γ/N with respect to the
quotient map from Γ/N to Γ/NK.
Theorem 11. Let N be a complete, (n − 1)-dimensional, normal subgroup of an
n-space group Γ such that Γ/N is infinite cyclic, and let K be the kernel of the
action of Γ on V = Span(N), and suppose that the structure group Γ/NK is finite
of order m. Let γ be an element of Γ such that γNK generates Γ/NK. Then there
exists an element δ of Γ such that γNK = δNK and δN generates Γ/N if and only
if γNK acts on the circle V ⊥/K by a rotation of ±2π/m.
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Proof. Suppose δN is a generator of Γ/N. Since V ⊥/(Γ/N) is a circle, δ acts as a
translation d+I on V ⊥ with d 6= 0. As NK/N is a subgroup of Γ/N of index m and
K ∼= NK/N is infinite cyclic, the group K has a generator that acts as a translation
md+ I on V ⊥. Therefore δNK acts by a rotation of ±2π/m on the circle V ⊥/K.
Suppose γ is an element of Γ such that γNK acts by a rotation of ±2π/m on
the circle V ⊥/K. Then γNK = δ±1NK, since the group Γ/NK acts effectively on
V ⊥/K by Theorem 3(2) of [6]. 
Lemma 9. Let ∆ be an infinite dihedral group with Coxeter generators α, β. Then
the proper normal subgroups of ∆ are the infinite dihedral groups 〈α, βαβ〉 and
〈β, αβα〉 of index 2, and the infinite cyclic group 〈(αβ)m〉 of index 2m for each
positive integer m.
Proof. We may assume that ∆ is a discrete group of isometries of E1. Then every
element of ∆ is either a translation or a reflection. Let N be a proper normal
subgroup of ∆. Suppose N contains a reflection. Then N contains either α or β,
since every reflection in ∆ is conjugate in ∆ to either α or β. Let 〈〈α〉〉 be the
normal closure of 〈α〉 in ∆. Then 〈〈α〉〉 is the infinite dihedral group 〈α, βαβ〉. Let
〈〈β〉〉 be the normal closure of 〈β〉 in ∆. Then 〈〈β〉〉 is the infinite dihedral group
〈β, αβα〉. Now N contains either 〈〈α〉〉 or 〈〈β〉〉. As both 〈〈α〉〉 and 〈〈β〉〉 have index
2 in ∆, we have that N is either 〈〈α〉〉 or 〈〈β〉〉.
Now suppose N does not contain a reflection. Then N is a subgroup of the
group 〈αβ〉 of translations of ∆. Hence N = 〈(αβ)m〉 for some positive integer m.
Moreover each m is possible, since 〈αβ〉 is a characteristic subgroup of ∆. 
Now assume that Γ/N is dihedral and Γ/NK is finite. Then Γ/NK is trivial
or a finite dihedral group of order 2m for some positive integer m by Lemma 9,
since Γ/NK is a quotient of Γ/N. The next theorem gives necessary and sufficient
conditions for a pair of generators of Γ/NK to lift to a pair of Coxeter generators
of Γ/N with respect to the the quotient map from Γ/N to Γ/NK.
Theorem 12. Let N be a complete, (n − 1)-dimensional, normal subgroup of an
n-space group Γ such that Γ/N is infinite dihedral, and let K be the kernel of the
action of Γ on V = Span(N), and suppose that the structure group Γ/NK is finite.
Let γ1 and γ1 be elements of Γ such that {γ1NK, γ2NK} generates Γ/NK. Then
there exists elements δ1 and δ2 of Γ such that {γ1NK, γ2NK} = {δ1NK, δ2NK}, and
{δ1N, δ2N} is a set of Coxeter generators of Γ/N if and only if either
(1) The order of Γ/NK is 1, or
(2) The order of Γ/NK is 2, the group K is infinite dihedral, and one of γ1NK or
γ2NK is the identity element of Γ/NK, and the other acts as the reflection
of the closed interval V ⊥/K, or
(3) The order of Γ/NK is 2m for some positive integer m, the group K is
infinite cyclic, and both γ1NK and γ2NK act as reflections of the circle
V ⊥/K, and γ1γ2NK acts on V
⊥/K as a rotation of ±2π/m.
Proof. Suppose that δ1 and δ2 are elements of Γ such that {δ1N, δ2N} is a set of
Coxeter generators of Γ/N and {γ1NK, γ2NK} = {δ1NK, δ2NK}. The group NK/N
is a normal subgroup of Γ/N of finite index, since (Γ/N)/(NK/N) = Γ/NK. We
have that NK/N ∼= K, since N∩K = {I}. Suppose that K is infinite dihedral. Then
the order of Γ/NK is 1 or 2 by Lemma 9. If the order of Γ/NK is 2, then NK/N
is either 〈δ1N, δ2δ1δ2N〉 or 〈δ2N, δ1δ2δ1N〉 by Lemma 9, and so either δ1NK = NK
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or δ2NK = NK, and hence one of γ1NK or γ2NK is NK and the other acts as the
reflection of the closed interval V ⊥/K, since Γ/NK acts effectively on V ⊥/K by
Theorem 3(2) of [6].
Suppose that K is infinite cyclic. Then the order of Γ/NK is 2m for some positive
integer m and NK/N = 〈(δ1δ2)
mN〉 by Lemma 9. Hence both δ1NK and δ2NK act
as reflections of the circle V ⊥/(NK/N) = V ⊥/K, and δ1δ2NK acts on V
⊥/K as a
rotation of ±2π/m.
Conversely, suppose δ1, δ2 are elements of Γ such that {δ1N, δ2N} is a set of
Coxeter generators of Γ/N. If Γ/NK is trivial, then obviously {γ1NK, γ2NK} =
{δ1NK, δ2NK}. Suppose next that statement (2) holds. Then NK/N is an infinite
dihedral group, and either δ1NK or δ2NK is trivial in (Γ/N)/(NK/N) = Γ/NK by
Lemma 9. Hence {γ1NK, γ2NK} = {δ1NK, δ2NK}, since Γ/NK has order 2.
Now suppose statement (3) holds. Then NK/N = 〈(δ1δ2)
mN〉 by Lemma 9.
Hence, a generator of the infinite cyclic group K acts on the line V ⊥ in the
same way that (δ1δ2)
mN acts on V ⊥ as a translation. Therefore δ1δ2NK acts
as a rotation of ±2π/m on the circle V ⊥/K. Hence γ1γ2NK = (δ1δ2)
±1NK,
since Γ/NK acts effectively on V ⊥/K. Therefore, there exists γ ∈ Γ such that
{γ1NK, γ2NK} = {γδ1γ
−1NK, γδ2γ
−1NK}. Moreover {γδ1γ
−1N, γδ2γ
−1N} is a set
of Coxeter generators of Γ/N. 
10. The Classification of Geometric Fibrations of Flat 2-Orbifolds
For 2-dimensional orbifolds, Seifert fibrations and co-Seifert fibrations are the
same. In this section, we describe the classification of all the Seifert geometric fi-
brations of compact, connected, flat 2-orbifolds up to affine equivalence. We denote
a circle by O and a closed interval by I.
Table 1 describes, via the generalized Calabi construction, all the Seifert and dual
Seifert fibrations of a compact, connected, flat 2-orbifold up to affine equivalence.
(1) The first column lists the IT number of the corresponding 2-space group Γ
given in Table 1A of [1]. Only 2-space groups with IT numbers 1 - 9 appear in
Table 1 by Theorem 11 of [4].
(2) The second column lists the Conway name [2] of the corresponding flat orb-
ifold E2/Γ.
(3) The third column lists the fiber V/N and base V ⊥/(Γ/N) of the Seifert fi-
bration corresponding to a 1-dimensional, complete, normal subgroup N of Γ with
V = Span(N). Parentheses indicates that the fiber is O, and closed brackets indi-
cates that the fiber is I. A dot indicates that the base is O and a dash indicates
that the base is I. For example, ( · ) indicates a fibration with fiber and base O.
The group N is described in §10 of [4]. For the first two rows of Table 1, the group
N corresponds to the parameters (a, b) = (1, 0) in cases (1) and (2) of §10 of [4].
(4) The fourth column indicates whether or not the corresponding space group
extension 1→ N→ Γ→ Γ/N→ 1 splits as implied by Theorem 14 of [6].
(5) The fifth column lists the fiber V ⊥/K and base V/(Γ/K), with K = N⊥, of
the dual Seifert fibration.
(6) The sixth column indicates whether or not the corresponding space group
extension 1→ K→ Γ→ Γ/K→ 1 splits.
(7) The seventh column lists the isomorphism type of the structure group Γ/NK
with Cn indicating a cyclic group of order n, and D2 indicating a dihedral group of
order 4. The order of the structure groups for the 2-space groups with IT numbers
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no. CN fibr. split dual split grp. structure group action
1 ◦ ( · ) Yes ( · ) Yes C1 (idt., idt.)
2 2222 (−) Yes (−) Yes C2 (ref., ref.)
3 ∗∗ (−) Yes [ · ] Yes C1 (idt., idt.)
4 ×× (−) No ( · ) Yes C2 (2-rot., ref.)
5 ∗× (−) No [ · ] Yes C2 (2-rot, ref.)
6 ∗2222 [−] Yes [−] Yes C1 (idt., idt.)
7 22∗ (−) Yes [−] Yes C2 (ref., ref.)
8 22× (−) No (−) No D2 (ref., ref.), (2-rot., ref.
′)
9 2∗22 [−] Yes [−] Yes C2 (ref., ref.)
Table 1. The Seifert and dual Seifert fibrations of the 2-space groups.
1 and 2 in Table 1 were chosen to be as small as possible. See Example 3 in [6]
and Example 1 for the full range of structure groups for 2-space groups with IT
numbers 1 and 2. The isomorphism types of the structure groups for the remaining
2-space groups are unique, since N and K = N⊥ are the only proper complete
normal subgroups of Γ in Rows 3 - 9.
(8) The last column indicates how the structure group Γ/NK acts diagonally on
the Cartesian product of the fibers V/N× V ⊥/K. We denote the identity map by
idt., a halfturn by 2-rot., and a reflection by ref. We denote the reflection of O
orthogonal to ref. by ref.′.
The actions of the structure group on the fibers of the Seifert fibrations are
described by Theorem 7 of [6] and Example 6 in [6], except for the case when the
structure group is a dihedral group of order 4. The problem with dihedral groups
of order 4 is that it is not clear a priori which of the three nonidentity elements acts
as a halfturn on a circle factor of V/N× V ⊥/K. See Example 3 for the description
of the action in the case of Row 8 of Table 1.
Example 2. Let Γ be the group in Table 1 with IT number 4. Then E2/Γ is a
Klein bottle. The structure group G = Γ/NK has order 2. The fibers V/N and
V ⊥/K are both circles. The generator of the group G acts by a halfturn on V/N,
since (V/N)/G = V/(Γ/K) is a circle. The generator of the group G acts by a
reflection on V ⊥/K, since (V ⊥/K)/G = V ⊥/(Γ/N) is a closed interval. The action
of the generator of G on V/N×V ⊥/K is specified by the entry (2-rot., ref.) in Row
4 of Table 1.
Example 3. Let Γ be the group with IT number 8 in Table 1A of [1]. Then
Γ = 〈t1, t2, A, β〉 where ti = ei + I for i = 1, 2 are the standard translations, and
β = 1
2
e1 +
1
2
e2 +B, and
A =
(
−1 0
0 −1
)
, and B =
(
1 0
0 −1
)
.
The isomorphism type of Γ is 22× in Conway’s notation or pgg in IT notation.
The orbifold E2/Γ is a projective pillow. The group N = 〈t1〉 is a complete normal
subgroup of Γ, with V = Span(N) = Span{e1}. The flat orbifold V/N is a circle.
Let K = N⊥ = 〈t2〉. Then V
⊥/K is also a circle. The structure group Γ/NK is a
dihedral group of order 4 generated by NKA and NKβ. The element NKA acts as
a reflection on V/N and on V ⊥/K. The action of NKA on V/N×V ⊥/K is specified
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by the entry (ref., ref.) in Row 8 of Table 1. The element NKβ acts on V/N as
a halfturn and on V ⊥/K as a reflection. The action of NKβ on V/N × V ⊥/K is
specified by the entry (2-rot., ref.′) in Row 8 of Table 1.
As discussed in §10 of [4], the fibration and dual fibration in Rows 1, 2, 6, 8, 9
of Table 1 are affinely equivalent. No other pair of fibrations in Table 1, with the
same fibers and the same bases, are affinely equivalent, since the corresponding 2-
space groups are nonisomorphic. We next apply the theory for classifying co-Seifert
geometric fibrations in §7 and §8 to prove that every affine equivalence class of a
Seifert geometric fibration of a compact, connected, flat 2-orbifold is represented
by one of the fibrations described in Table 1.
For simplicity, suppose that ∆ and M are standard 1-space groups, E1/〈e1 + I〉
or E1/〈e1 + I,−I〉. We next describe Iso(∆,M). Now E
1/M = O or I. The Lie
group Isom(O) is isomorphic to O(2), and Isom(I) is a group of order 2 generated
by the reflection ref. of I about its midpoint. Moreover Aff(O) = Isom(O) and
Aff(I) = Isom(I), since length-preserving affinities of E1 are isometries. Hence, for
both isomorphism types of M, the group Out(M) has order 2 by Theorem 3 of [5].
We represent Out(M) by the subgroup {idt., ref.} of Isom(E1/M) that is mapping
isomorphically onto Out(M) by Ω : Isom(E1/M)→ Out(M).
Assume first that ∆ is infinite cyclic. The set Iso(∆,M) consists of two elements
corresponding to the pairs of inverse elements {idt., idt.} and {ref., ref.} of Isom(O)
by Theorem 7. Thus, there are two affine equivalence classes of fibrations of type ( · )
corresponding to the case that M is infinite cyclic, and two affine equivalence classes
of fibrations of type [ · ] corresponding to the case that M is infinite dihedral. The
fibration of type ( · ), corresponding to {idt., idt.}, {ref., ref.}, is described in Row 1,
4, respectively, of Table 1 by Theorem 11. The fibration of type [ · ], corresponding
to {idt., idt.}, {ref., ref.}, is described in Row 3, 5, respectively, of Table 1 by
Theorem 11.
Now assume that both ∆ andM are infinite dihedral. Then the set Iso(∆,M) con-
sists of three elements corresponding to the pairs of elements {idt., idt.}, {idt., ref.},
{ref., ref.} of Isom(I) by Theorem 8. Thus, there are three affine equivalence classes
of fibrations of type [−]. The corresponding fibration of type [−] is described in
Row 6, 9, 7, respectively, of Table 1 by Theorem 12.
Finally, assume that ∆ is infinite dihedral and M is infinite cyclic. There are
two conjugacy classes of isometries of O of order 2, the class of the halfturn 2-rot.
of O and the class of a reflection ref. of O. By Lemma 8 and Theorem 10, the
set Iso(∆,M) consists of six elements corresponding to the pairs of elements {idt.,
idt.}, {idt., 2-rot.}, {idt., ref.}, {2-rot., 2-rot.}, {2-rot., ref.}, {ref., ref.} of Isom(O).
Only the pair {ref., ref.} falls into the case E1 ∩ E2 6= {0} of Theorem 10. Thus,
there are six affine equivalence classes of fibrations of type (−). The corresponding
fibration of type (−) is described in Row 3, 5, 7, 4, 8, 2, respectively, of Table 1
by Theorem 12. Thus, every affine equivalence class of Seifert geometric fibrations
of a compact, connected, flat 2-orbifold is represented by one of the fibrations in
Table 1. Our last theorem summarizes the classification of Seifert (or co-Seifert)
geometric fibrations of compact, connected, flat 2-orbifolds.
Theorem 13. There are exactly 13 affine equivalence classes of Seifert geometric
fibrations of compact, connected, flat 2-orbifolds. There are two classes of type ( · ),
two classes of type [ · ], three classes of type [−], and six classes of type (−).
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